Introduction
Ramsey theory dates back 75 years to the following theorem:
Theorem 1 (Ramsey). Let r, k, l be given positive integers. There exists a positive integer n with the following property.
If the k-subsets of an n element set are colored with r colors then there exists an l element set all of whose k-subsets are of the same color.
For a given r, k, l it is an interesting (and hard) problem to find the smallest value of n guaranteed to exist by Ramsey's Theorem. The theorem has many corollaries guaranteeing the existence of substructures under various conditions. If k is a set equal to 2 then Ramsey's Theorem is a theorem in graph theory. It states that for n sufficiently large, any r coloring of the edges of K n contains a monochromatic subgraph isomorphic to K l . Since any graph, G, embeds in some complete graph, the theorem also implies that for n sufficiently large, any r coloring of the edges of K n contains a monochromatic subgraph isomorphic to G.
In this paper, K a 1 ,a 2 ,...,a t will denote the complete t-partite graph on sets of vertices of size a 1 , a 2 , . . . , a t and K n will denote the complete graph on n vertices (thus K n = K (1,1,...,1) ). Let G be an arbitrary graph. If the vertices of G can be colored with t colors such that adjacent vertices have different colors then G can be embedded into a complete t-partite graph. The smallest t such that G can be embedded into a complete t-partite graph is called the chromatic number of G and is denoted by (G).
Let (T 1 , T 2 , . . . , T c ) be a c-tuple of sets of graphs (i.e. each T i is a set of graphs). Let R(c, n, (T 1 , T 2 , . . . , T c )) denote the set of all n-tuples such that every c-coloring of the edges of K a 1 ,a 2 ,...,a n forces a monochromatic subgraph of color i from the set T i (for some i). Ramsey's Theorem guarantees that R(c, n, (T 1 , T 2 , . . . , T c )) is non-empty for n?0. More precisely, Ramsey's Theorem guarantees that the n-tuple consisting entirely of 1's is an element of R(c, n, (T 1 , T 2 , . . . , T c )) provided that n?0. The set of all n-tuples in R(c, n, (T 1 , T 2 , . . . , T c )) is called a Ramsey region. The goal of this paper is to develop the basic theory of Ramsey regions. Let M denote the minimum value of the chromatic numbers of the graphs in the various T i 's. M provides a lower bound on n such that R(c, n, (T 1 , T 2 , . . . , T c )) is non-empty. Known results in Ramsey theory can be used to give upper bounds on n such that the n-tuple consisting entirely of 1's lies in R(c, n, (T 1 , T 2 , . . . , T c )). In general, these bounds are far from being sharp. However, we can use many of the bounds found in [11] as a starting point for bounding Ramsey regions. The result and ideas found in [1] [2] [3] and in [5] [6] [7] [8] [9] [10] provided much of the original impetus to formulate a setting within which a broad range of Ramsey theoretical results could sit and influence each other. It is important to note that any given Ramsey region can be described completely by a finite list of n-tuples(even though a non-empty Ramsey region will have an infinite number of points). Part of the motivation for introducing Ramsey regions arose when addressing the complexity issues in computing new Ramsey numbers. With Ramsey regions, a complex problem can be broken down into smaller pieces. Furthermore, information learned about one Ramsey region can help in the understanding of other Ramsey regions. As a result, it is hoped that an accumulation of knowledge can build to allow for the solution of problems that would be difficult to attack in a single step.
Main definitions and theorems
For this entire section, K a 1 ,a 2 ,...,a n will denote a complete multipartite graph and A = (T 1 , T 2 , . . . , T c ) will be an ordered c-tuple of sets of graphs. All graphs are assumed to have no multiple edges and no loops. R(c, n, A) will denote the set of all n-tuples such that every c-coloring of the edges of K a 1 ,a 2 ,...,a n forces a monochromatic subgraph of color i which is isomorphic to a graph from the set T i (for at least one value of i).
..,b m with c colors, you induce a coloring of the edges of K a 1 ,a 2 ,...,a n with c colors. Thus, if there exists a monochromatic subgraph of K b 1 ,b 2 ,...,b m of color i which is isomorphic to a given graph G then the induced coloring of the edges of K a 1 ,a 2 ,...,a n will also contain a monochromatic subgraph of color i which is isomorphic to G.
Corollary 3.
Let S n denote the symmetric group on n elements and suppose ∈ S n , then (1) , a (2) 
, . . . , a (n) ) ∈ R(c, n, A).
Proof. Follows from Proposition 2 using K a 1 ,a 2 ,...,a n K a (1) ,a (2) ,...,a (n) .
Proof. Follows from Proposition 2 using
Proof. Follows from Proposition 2 using K a 1 ,a 2 ,...,a n ⊆ K a 1 −b,a 2 ,...,a n ,b . Definition 6. Suppose (a 1 , a 2 , . . . , a n ) ∈ R(c, n, A). If there exists an i such that lowering a i by 1 gives an n-tuple which is not in R(c, n, A) then we call (a 1 , a 2 , . . . , a n ) a boundary point. A boundary point is called a vertex if lowering any a i by 1 gives an n-tuple which is not in R(c, n, A). The vertex is called a fundamental vertex if a 1 a 2 · · · a n .
Proposition 7. (i) Let
A = (T 1 , T 2 , . . . , T c ) and B = (V 1 , V 2 , . .
. , V c ) be c-tuples of sets of graphs. If for each i, each element of V i contains as a subgraph some element of T i then R(c, n, B) ⊆ R(c, n, A).
(
Proof. For Part (i), note that if every c-coloring of the edges of K a 1 ,a 2 ,...,a n forces a monochromatic subgraph as determined by B then it also forces a monochromatic subgraph as determined by A. Parts (ii) and (iii) are clear.
As a consequence of Proposition 7(iii), it is enough to understand R(c, n, A) where A is a c-tuple of graphs (as opposed to A being a c-tuple of sets of graphs).
Theorem 8. Let k be a field and let
S = k[x 1 , x 2 , . . . , x n ]. Define a map : R(c, n, A) → S by ((a 1 , a 2 , . . . , a n )) = x a 1 1 x a 2 2 · · · x a n n . Let I
(R(c, n, A)) be the homogeneous ideal in S generated by the image of . Let V be the set of vertices of R(c, n, A) and let I (V ) be the homogeneous ideal in S generated by (V ). Then
n is an S-linear combination of elements in (R(c, n, A) ). , n, A) ). Thus the degree d part of I (R(c, n, A) ) is equal to the span of the degree d part of (R(c, n, A) ).
As a consequence of Corollary 4, if
(ii) By part (i), 1 , a 2 , . . . , a n ) ∈ R(c, n, A). Given (a 1 , a 2 , . . . , a n ) ∈ R(c, n, A), decrease a n as much as possible while remaining inside R(c, n, A) then decrease a n−1 as much as possible while remaining inside R(c, n, A) then do the same for a n−2 on down to a 1 . At this point, lowering any of the components any further will cause you to leave R(c, n, A). In other words, you are at a vertex. In terms of S, this is equivalent to factoring 
∈ I (V ).
Let S n denote the symmetric group on n elements. For each ∈ S n we get a map S : S → S by S (x i ) = x (i) . In this way, S n acts on S. Furthermore, each element of R(c, n, A) extends to an element of R(c, n + 1, A) by sending (a 1 , a 2 , . . . , a n ) to (a 1 , a 2 , . . . , a n , 0). Thus there is a natural embedding f : R(c, n, A) → R(c, n + 1, A). Since R(c, n + 1, A) is S n+1 -invariant, the smallest S n+1 -invariant set containing f (R(c, n, A) ) also sits inside R(c, n + 1, A). T ⊆ k[x 1 , x 2 , . . . , x n ] then S n (T ) will denote the smallest S n -invariant set containing T . (iv) Z i denotes the i-tuple (1, 1, . f = (a 1 , a 2 , . . . , a n ) then define [f ] = n i=1 a i . (a 1 , a 2 , . . . , a n ) → (a 1 , a 2 , . . . , a n , 0) and this injection maps fundamental vertices 1 , a 2 , . . . , a n ). Letv denote the tuple obtained from v by removing any a i that are equal to zero. F (c, A) will be a bounded, monotone increasing function which stabilizes at |F(c, a)|. Define P bottom (c, A)=max{n|H F (c, A)(n)=0} and P top (c, A)=min{n|H F (c, A)=|F(c, a) |}.
Definition 9. (i) V n (c, A) denotes the vertices of R(c, n, A). (ii) F n (c, A) denotes the fundamental vertices of R(c, n, A). (iii) If

. . , 1). (v) If
Proposition 10. (i) S n (F n (c, A)) = V n (c, A). (ii) There exists an i such that Z i ∈ F i (c, A). (iii) F n (c, A) → F n+1 (c, A). (iv) lim n→∞ F n (c, A) exists.
Proof. Part (i) is clear. Part (ii) follows from Ramsey's Theorem. Part (iii) follows from the fact that R(c, n, A) injects into R(c, n + 1, A) by the map
to fundamental vertices. Part (iv) follows from Part (ii) and its implication that Z i ∈ F i (c, A) implies F i (c, A) F i+t (c, A) for all t > 0.
Definition 11. Let v = (a
Let F n (c, A) = {v|v ∈ F n (c, A)}. Let F(c, A) = lim n→∞ F n (c, A). We call F(c,
A
Proposition 12. Fix c and A. If P bottom (c, A) n P top (c, A), then thefunction H F (c, A)(n) is a strictly increasing function of n.
Proof. Given f = (a 1 , a 2 , . . . , a t ) , define f to be the number of a i that are not equal to zero. Assume that Z i / ∈ F i (c, A) for any i n. We need to show there exists a vertex g ∈ F n+1 (c, A) such that g = n + 1 (for this would show that the number of elements in F n+1 (c, A) is strictly larger than the number of elements in F n (c, A) ). 
while the map F n (c, A) → F n+1 (c, A) is injective, it is not surjective hence |F n+1 (c, A)| > |F n (c, A)|.
Let G 1 , G 2 , . . . , G c be graphs. Let A=(G 1 , G 2 , . . . , G c ). Let R(A) denote the smallest n such that every c-coloring of the edges of K n necessarily contains a monochromatic graph of color i which is isomorphic to G i for at least one value of i. Thus R(A) denotes the standard c-color Ramsey number avoiding G i in color i. We have the following proposition:
Proposition 13. R(A) min{[f ]|f ∈ F i (c, A)} for every i and R(A)
Proof. The proof follows immediately from Corollary 5 and Proposition 10. 2, 2, 0), (3, 2, 1, 0), (4, 1, 1, 0), (1, 1, 1, 1 )}, (2, 2, 2), (3, 2, 1), (4, 1, 1), (1, 1, 1, 1 )}, G is a graph and if G is obtained from G by a neighborhood duplication, then (G 
Proposition 16. If
) = (G ). Furthermore, K n ⊆ G ⇐⇒ K n ⊆ G .
Proof. It is clear that
Let v be the vertex that was duplicated and let v be the new vertex. If K n G and K n ⊆ G then the copy of K n in G must contain both v and v . But v and v are not connected. In a complete graph every pair of vertices is connected. Therefore K n G ⇒ K n G .
To prove that (G) = (G ), note that if a vertex coloring of G avoids adjacent vertices having the same color then by coloring v the same color as v, we have colored the vertices of G so that adjacent vertices do not have the same color.
Then there exists a coloring of K j containing no K b i of color i (for any i). By a sequence of neighborhood duplications, we can transform K j into K a 1 ,a 2 ,...,a j for any j-tuple (a 1 , a 2 , . . . , a j ) (with strictly positive coordinates). If we duplicate both the neighborhoods and the edge colorings, then we obtain an edge coloring of K a 1 ,a 2 ,...,a j containing no K b i of color i for any i (by Proposition 16). Thus F j (c, (
thus there is only one fundamental vertex.
Two-dimensional Ramsey regions
This section is concerned with properties of Ramsey regions of the form R(c, 2, A). We call these two-dimensional Ramsey regions since they consist of 2-tuples. Let the vertices of a complete bipartite graph K a,b be represented by . a large problem but naturally breaks up into a series of much smaller problems. As n increases, fundamental vertices in F n (c, (G 1 , G 2 , . . . , G c )) "converge" to Z i . The i for which Z i is a fundamental vertex is the classical Ramsey  number R(G 1 , G 2 , . . . , G c ) . Information gleaned from one Ramsey region helps in the understanding of other Ramsey regions. This allows an accumulation of results which can contribute to the solution of a difficult problem such as the determination of classical Ramsey numbers. It is certainly our hope that further connections with other constructions in combinatorics are established and that this allows work in other areas to apply directly to the understanding of Ramsey regions. It is clear that most of this paper can be generalized to hypergraphs in a fairly natural manner. Our goal in a future project is to further develop the algebra involved with Ramsey regions, to describe the algebra of Ramsey regions involving hypergraphs and to extend the algebraic approach initiated in this paper.
